Simultaneous measurements of single-molecule positions and orientations provide critical insight 6 into a variety of biological and chemical processes. Various engineered point spread functions (PSFs) 7 have been introduced for measuring the orientation and rotational diffusion of dipole-like emitters, 8 but the widely used Cramér-Rao bound only evaluates performance for one specific orientation at 9 a time. Here, we report a performance metric, termed variance upper bound (VUB), that yields 10 a global maximum CRB for all possible molecular orientations, thereby enabling the measurement 11 performance of any PSF to be computed efficiently (~1000 times faster than calculating average 12 CRB). Our VUB reveals that the simple polarized standard PSF provides robust and precise ori-13 entation measurements if emitters are near a refractive index interface. Using the polarized PSF, 14 we measure the orientations and positions of Nile red (NR) molecules transiently bound to amy-15 loid aggregates. Our super-resolved images reveal the main binding mode of NR to amyloid fibers, 16 as well as structural heterogeneities within amyloid fibrillar networks, that cannot be resolved by 17 single-molecule localization alone.
INTRODUCTION
that it yields an expected measurement sensitivity for 48 one specific molecular orientation, it is computationally 49 expensive to characterize or optimize a PSF for all pos-50 sible molecular orientations. Moreover, calculating this 51 best-possible precision assumes that a single molecule has 52 been detected, which may not be the case for low SBR 53 conditions or when emitters are dense. We seek to de-54 velop an analytical framework for 1) quantifying the per-55 formance of any proposed method for measuring molecu-56 lar orientation, 2) illuminating why a particular method 57 performs well or poorly in a particular situation, and 3) 58 comparing the sensitivity of various methods for measur-59 ing specific types of rotational motions. 60 In this paper, we derive a performance metric, termed 61 variance upper bound (VUB), that globally bounds the 62 CRB to quickly evaluate any optical method for mea-63 suring molecular orientation. Our VUB analysis surpris-64 ingly shows that a microscope with two polarization dethis forward imaging model is its linearity with respect 114 to the orientation parameters m of interest; B is simply 115 a linear operator or transformation from object space to 116 image space, and the fundamental measurement sensi-117 tivity of the optical system is bounded by considering B 118 directly. 119 We next quantify the Fisher information (FI) con-120 tained in the basis images, i.e., the amount of informa-121 tion that the basis images contain about each of the ori-122 entational second moments. A larger FI corresponds to 123 a smaller CRB and higher sensitivity for measuring m. 124 Given our linear imaging model, the FI matrix J ∈ R 6×6 125 for the orientational second moments can be written as Since photon detection is a Poisson process, the entry A ij 131 represents the square root of the expected signal-to-noise 132 ratio of the j th orientational second moment measured 133 by the i th camera pixel.
134
Note that J is a function of m and may vary dramat-135 ically for different molecular orientations. We now de- to bound the CRB matrix R = J −1 as,
where the subscript jj denotes the j th diagonal element.
139
Since Γ is independent of m, i.e., it is only a function β-sheets within amyloid aggregates. 215 We prepared fibrils of amyloid-β peptide (Aβ42) aggregates over~3 min measurement time (Table S1 ). Table S1 ). NR molecules exhibit strikingly differ- 
259
To further correlate the orientations of single-molecule 260 probes with the structural organization of amyloid aggre-261 gates, we imaged an amyloid aggregate containing ob-262 vious fibril bundles ( Fig. 3(a) ). The intertwined struc-263 tures are evidenced by their branching architecture and 264 their at least twice larger width (purple) compared to 265 thinner structures (green) in the field of view (Fig. S14) . 266 We observed NR to be mostly parallel to the backbone Since NR binds to specific grooves within the stacked β-271 sheet aggregate, these orientation measurements indicate 272 highly aligned β-sheets within the thin fibrils. We con- We note that the wobbling area Ω, which can indicate 279 the binding strength between NR and the surrounding β-280 sheet grooves, also exhibits obvious differences between 281 the two regions. We observed small Ω values on the 282 thin fibril (Figs. 3(d) (i), S15(a) and S15(b)) and large 283 wobbling on the fibril bundle ( Figs. 3(d) (ii), S15(a) and 284 S15(c)) that represent tight and loose binding of NR 285 molecules to each local region, respectively. From these 286 measurements, we speculate that fibril bundling not only 287 produces relatively disordered β-sheet orientations due 288 to the entwining of multiple fibers but also increases 289 dramatically the local density of binding sites for NR, 290 thereby causing large NR wobbling during a single fluo-291 rescence burst. Note that we did not observe significantly 292 different burst times for NR on thin fibers (τ on = 13 ms 293 in Fig. 3(b) (i)) versus disordered fibrillar bundles (τ on = 294 11 ms in Fig. 3(b)(ii) ).
295
Interestingly, the local structural heterogeneity in amy-296 loid fibrils detected by SMOLM is not always associated 297 with thicker fibrils in standard SMLM. We observed simi-298 lar disordered φ values and large Ω estimates from a fibril 299 in another field of view (Fig 3(e) ). Although the two fib-300 ril strands have similar thickness, the estimated φ and Ω 301 distributions show noticeable differences (Fig. 3(f)-3(h) ).
302
These measurements suggest the fibril in Fig. 3(f gates shown in Fig. 2(g 
